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Let p(z) be a polynomial of degree n and for any real or complex number α, let Dα p(z) =
np(z) + (α − z)p′(z) denote the polar derivative of the polynomial p(z) with respect to α.
In this paper, we obtain inequalities for the polar derivative of a polynomial having all its
zeros inside or outside a circle. Our results shall generalize and sharpen some well-known
polynomial inequalities.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction and statement of results
If p(z) be a polynomial of degree n, then concerning the estimate of |p′(z)| on the unit disk |z| = 1, we have
max|z|=1
∣∣p′(z)∣∣ nmax|z|=1
∣∣p(z)∣∣. (1.1)
The above inequality which is an immediate consequence of Bernstein’s inequality on the derivative of a trigonometric
polynomial is best possible with equality holding for the polynomial p(z) = λzn , λ being a complex number.
If we restrict ourselves to the class of polynomials having no zeros in |z| < 1, then the above inequality can be sharpened.
In fact, Erdös conjectured and later Lax [13] proved that if p(z) = 0 in |z| < 1, then
max|z|=1
∣∣p′(z)∣∣ n
2
max|z|=1
∣∣p(z)∣∣. (1.2)
If the polynomial p(z) of degree n has all its zeros in |z| 1, then it was proved by Turán [17] that
max|z|=1
∣∣p′(z)∣∣ n
2
max|z|=1
∣∣p(z)∣∣. (1.3)
The inequalities (1.2) and (1.3) are best possible and become equality for polynomials which have all its zeros on |z| = 1.
As an extension of (1.2) and (1.3) Malik [14] proved that if p(z) = 0 in |z| < k, k 1, then
max|z|=1
∣∣p′(z)∣∣ n
1+ k max|z|=1
∣∣p(z)∣∣, (1.4)
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max|z|=1
∣∣p′(z)∣∣ n
1+ k max|z|=1
∣∣p(z)∣∣. (1.5)
In the literature, there already exist some reﬁnements and generalizations of all the above inequalities, for example see
Chan and Malik [7], Qazi [16], Gardner, Govil and Weems [9], Govil [10] etc.
By considering a more general class of polynomials p(z) = a0 + ∑nν=t aν zν , 1  t  n, not vanishing in |z| < k, k  1,
Gardner, Govil and Weems [9] proved
max|z|=1
∣∣p′(z)∣∣ n
1+ s0
{
max|z|=1
∣∣p(z)∣∣−m}, (1.6)
where m = min|z|=k |p(z)| and
s0 = kt+1
{
( tn )
|at ||a0|−mk
t−1 + 1
( tn )
|at ||a0|−mk
t+1 + 1
}
. (1.7)
The inequality (1.6) is of independent interest because, besides proving a generalization and reﬁnements of (1.2), it also
provides generalization and reﬁnements of the results of Aziz and Dawood [2], Chan and Malik [7], Govil [10] and Malik [14].
On the other hand, for the class of polynomials p(z) = anzn +∑nj=μ an− j zn− j of degree n having all its zeros in |z| k,
k 1, Aziz and Shah [4] proved
max|z|=1
∣∣p′(z)∣∣ n
1+ kμ
{
max|z|=1
∣∣p(z)∣∣+ 1
kn−μ
min
|z|=k
∣∣p(z)∣∣
}
. (1.8)
For μ = 1, inequality (1.8) reduces to an inequality due to Govil [10].
Let Dα p(z) denotes the polar derivative of the polynomial p(z) of degree n with respect to the point α. Then
Dα p(z) = np(z) + (α − z)p′(z).
The polynomial Dα P (z) is of degree at most n − 1 and it generalizes the ordinary derivative in the sense that
lim
α→∞
[
Dα p(z)
α
]
= p′(z).
Here, we shall extend inequalities (1.6) and (1.8) to the polar derivative of a polynomial and thereby obtain generaliza-
tions of these results. Besides, we shall also prove a more general result which gives a result of Govil and McTume [11] as
a special case. We ﬁrst prove the following.
Theorem 1. If p(z) = a0 +∑nν=t aν zν , 1 t  n, is a polynomial of degree n having no zeros in |z| < k, k  1, then for every real or
complex number α with |α| 1
max|z|=1
∣∣Dα p(z)∣∣ n
1+ s0
{(|α| + s0)max|z|=1
∣∣p(z)∣∣− (|α| − 1)m}, (1.9)
where m = min|z|=k |p(z)| and s0 is as deﬁned in (1.7).
Clearly, Theorem 1 generalizes inequality (1.6) and to obtain (1.6) from the above theorem, simply divide both sides
of (1.9) by |α| and let |α| → ∞.
It is easy to verify, for example by the derivative test, that for every α with |α| 1, the function ( |α|+x1+x )max|z|=1 |p(z)|−
(
|α|−1
1+x )m, is a non-increasing function of x. If we combine this fact with Lemma 2, according to which s0  kt for t  1, we
get the following corollary.
Corollary 1. If p(z) = a0 +∑nν=t aν zν , 1 t  n, is a polynomial of degree n having no zeros in |z| < k, k  1, then for every real or
complex number α with |α| 1
max|z|=1
∣∣Dα p(z)∣∣ n
1+ kt
{(|α| + kt)max|z|=1
∣∣p(z)∣∣− (|α| − 1)m}, (1.10)
where m = min|z|=k |p(z)|.
The above corollary is an extension and reﬁnement of a result of Aziz [1] and for t = 1, it reduces to a result of Aziz and
Shah [5].
Remark 1. Dividing both sides of inequality (1.10) by |α| and let |α| → ∞, we get a result of Aziz and Shah [6].
Next, as an application of Corollary 1, we prove the following generalization of (1.8).
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any real or complex number with |δ| 1, then for |z| = 1
∣∣Dδ p(z)∣∣ n
(
kμ + |δ|
1+ kμ
)
max|z|=1
∣∣p(z)∣∣− n
(
1− |δ|
kn−μ(1+ kμ)
)
m, (1.11)
where m = min|z|=k |p(z)|.
The result is best possible and equality in (1.11) holds for p(z) = (zμ + kμ)n/μ , where n is a multiple of μ and δ  0.
Remark 2. If we take δ = 0 in (1.11), we get for |z| = 1
∣∣np(z) − zp′(z)∣∣ nkμ
1+ kμ max|z|=1
∣∣p(z)∣∣− nm
kn−μ(1+ kμ) . (1.12)
If max|z|=1 |p(z)| = |p(eiφ)|, then from (1.12), we get∣∣p′(eiφ)∣∣ n
1+ kμ max|z|=1
∣∣p(z)∣∣+ nm
kn−μ(1+ kμ) . (1.13)
Since max|z|=1 |p′(z)| |p′(eiφ)|, then from (1.13), we immediately get inequality (1.8).
Remark 3. For μ = 1, Theorem 2 gives the corresponding generalization of a result due to Govil [10, Theorem 2] for k 1.
Finally, we prove the following more general result.
Theorem 3. Let p(z) = anzn +∑nν=μ an−ν zn−ν , 1μ n, be a polynomial of degree n having all its zeros in |z| k, k 1. Then for
every real or complex number α with |α| kμ , we have
max|z|=1
∣∣Dα p(z)∣∣ n(|α| − k
μ)
(1+ kμ) max|z|=1
∣∣p(z)∣∣+ n
( |α| + 1
kn−μ(1+ kμ)
)
m
+ n
(
kμ − Aμ
1+ kμ
)
max|z|=1
∣∣p(z)∣∣+ n(Aμ − kμ)
kn(1+ kμ) m, (1.14)
where m = min|z|=k |p(z)| and
Aμ = n(|an| −
m
kn )k
2μ + μ|an−μ|kμ−1
n(|an| − mkn )kμ−1 + μ|an−μ|
.
It is easy to see that Theorem 3 also provides a reﬁnement of the following result due to Dewan, Singh and Lal [8].
Theorem A. Let p(z) = anzn +∑nν=μ an−ν zn−ν , 1μ n, be a polynomial of degree n having all its zeros in |z| k, k 1, then for
every real or complex number α with |α| kμ , we have
max|z|=1
∣∣Dα p(z)∣∣ n(|α| − k
μ)
(1+ kμ) max|z|=1
∣∣p(z)∣∣+ n(|α| + 1)
kn−μ(1+ kμ) min|z|=k
∣∣p(z)∣∣. (1.15)
In fact, excepting the case when k = 1 or μn ( |an−μ||an|− mkn ) = k
μ , the bound obtained in Theorem 3 is always sharp than the
bound obtained from Theorem A and for this it needs to show that
n
(
kμ − Aμ
1+ kμ
)
max|z|=1
∣∣p(z)∣∣+ n(Aμ − kμ)
kn(1+ kμ) m 0,
which is equivalent to
n
(
kμ − Aμ
1+ kμ
)
max|z|=1
∣∣p(z)∣∣ n(kμ − Aμ)
kn(1+ kμ) m. (1.16)
In view of inequality (2.16) of Lemma 14, the above inequality become equivalent to
max|z|=1
∣∣p(z)∣∣ m
kn
. (1.17)
Now using (1.1) in Lemma 9, we get
∣∣q′(z)∣∣ ktnmax|z|=1
∣∣p(z)∣∣− nkt
kn
m = nkt
{
max|z|=1
∣∣p(z)∣∣− m
kn
}
,
which is true and hence inequality (1.17) holds.
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We will need following lemmas to prove our theorems.
Lemma 1. If p(z) = a0 +∑nν=t aν zν , t  1, is a polynomial of degree n having no zeros in |z| < k, k 1, then for |z| = 1∣∣q′(z)∣∣ s0∣∣p′(z)∣∣+mn, (2.1)
where q(z) = znp(1/z), m = min|z|=k |p(z)| and s0 is as given in (1.7).
The above lemma is due to Gardner, Govil and Weems [9].
Lemma 2. If p(z) = a0 +∑nν=t aν zν , t  1, is a polynomial of degree n having no zeros in |z| < k, k 1, then
s0  kt , (2.2)
where s0 is given in (1.7).
The above lemma is again due to Gardner, Govil and Weems [9].
The following lemma is due to Aziz and Rather [3].
Lemma 3. If p(z) = anzn + ∑nν=μ an−ν zn−ν , 1  μ  n, is a polynomial of degree n having all its zeros in |z|  k, k  1 and
q(z) = znp(1/z), then on |z| = 1
∣∣q′(z)∣∣ Sμ∣∣p′(z)∣∣, (2.3)
where
Sμ = n|an|k
2μ + μ|an−μ|kμ−1
n|an|kμ−1 + μ|an−μ| ,
and
μ
n
∣∣∣∣an−μan
∣∣∣∣ kμ. (2.4)
Lemma 4. If p(z) = anzn +∑nν=μ an−ν zn−ν , 1μ n, is a polynomial of degree n having all its zeros in |z| k, k 1, then
max|z|=1
∣∣p′(z)∣∣ n
1+ kμ max|z|=1
∣∣p(z)∣∣. (2.5)
The above lemma is due to Aziz and Shah [4].
Lemma 5. Let p(z) = anzn +∑nν=μ an−ν zn−ν , 1 μ n, is a polynomial of degree n having all its zeros in |z| k, k  1, then for
every real or complex number α with |α| Sμ , we have
max|z|=1
∣∣Dα p(z)∣∣ n
( |α| − Sμ
1+ kμ
)
max|z|=1
∣∣p(z)∣∣, (2.6)
where Sμ is as given in Lemma 3.
Proof. If q(z) = znp(1/z), then p(z) = znq(1/z) and one can easily verify that for |z| = 1
∣∣q′(z)∣∣= ∣∣np(z) − zp′(z)∣∣.
Now for every real or complex number α with |α| Sμ
∣∣Dα p(z)∣∣= ∣∣np(z) + (α − z)p′(z)∣∣ |α|∣∣p′(z)∣∣− ∣∣np(z) − zp′(z)∣∣,
which implies that for |z| = 1
∣∣Dα p(z)∣∣ |α|∣∣p′(z)∣∣− ∣∣q′(z)∣∣. (2.7)
Inequality (2.7) when combined with Lemma 3 gives
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The above inequality (2.8) in conjunction with Lemma 4 gives
max|z|=1
∣∣Dα p(z)∣∣ n
( |α| − Sμ
1+ kμ
)
max|z|=1
∣∣p(z)∣∣,
which proves Lemma 5 completely. 
The following result is due to Aziz and Shah [5].
Lemma 6. If p(z) is a polynomial of degree n and β is any real or complex number, then
∣∣Dβq(z)∣∣= ∣∣nβp(z) + (1− βz)p′(z)∣∣ for |z| = 1, (2.9)
where q(z) = znp(1/z).
Lemma 7. (See Marden [15, p. 49].) If all the zeros of an nth degree polynomial p(z) lie in |z| k, then for |α| k, the polar derivative
Dα p(z) of p(z) at the point α also has all its zeros in |z| k.
Lemma 8. If p(z) = a0 +∑nν=t aν zν , t  1, is a polynomial of degree n having no zeros in |z| < k, k 1, then on |z| = 1∣∣q′(z)∣∣ kt ∣∣p′(z)∣∣+ nmin
|z|=k
∣∣p(z)∣∣, (2.10)
where q(z) = znp(1/z).
The above lemma is due to Aziz and Shah [6].
Lemma 9. If p(z) = anzn + ∑nν=t an−ν zn−ν , 1  t  n, be a polynomial of degree n having all its zeros in |z|  k, k  1, then on|z| = 1, we have
∣∣q′(z)∣∣ kt ∣∣p′(z)∣∣− n
kn−t
min
|z|=k
∣∣p(z)∣∣, (2.11)
where q(z) = znp(1/z).
Proof. If p(z) has all its zeros in |z| k, where 0 < k 1, then q(z) has all its zeros in |z| 1/k, 1/k 1. Hence on applying
Lemma 8 to polynomial q(z) = an +∑nν=t an−ν zν , we get
∣∣p′(z)∣∣ 1
kt
∣∣q′(z)∣∣+ n min
|z|=1/k
∣∣q(z)∣∣= 1
kt
∣∣q′(z)∣∣+ n
kn
min
|z|=k
∣∣p(z)∣∣,
which implies
kt
∣∣p′(z)∣∣ ∣∣q′(z)∣∣+ n
kn−t
min
|z|=k
∣∣p(z)∣∣,
which is equivalent to (2.11). 
The following lemma is a special case of a result due to Govil and Rahman [12].
Lemma 10. If p(z) is a polynomial of degree n, then
∣∣p′(z)∣∣+ ∣∣q′(z)∣∣ nmax|z|=1
∣∣p(z)∣∣ for |z| = 1, (2.12)
where q(z) = znp(1/z).
Lemma 11. The function
Sμ(x) = nxk
2μ + μ|an−μ|kμ−1
nxkμ−1 + μ|an−μ| , (2.13)
where k 1 and μ 1, is a non-increasing function of x.
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Lemma 12. If p(z) = ∑nν=0 aν zν is a polynomial of degree n and p(z) = 0 in |z|  k, k > 0, then |q(z)|  mkn for |z|  1/k, and in
particular
|an| > m
kn
, (2.14)
where m = min|z|=k |p(z)|.
Proof. If p(z) = 0 in |z| k, then q(z) = 0 for |z| 1/k. We can assume without loss of generality that q(z) has no zero on
|z| = 1/k, for otherwise the result holds trivially. Since q(z), being a polynomial, is analytic for |z| 1/k and has no zeros in
|z| 1/k, by Minimum Modulus Principle
∣∣q(z)∣∣ min
|z|=1/k
∣∣q(z)∣∣ for |z| 1/k,
which implies
∣∣q(z)∣∣ 1
kn
min
|z|=k
∣∣p(z)∣∣ for |z| 1/k,
which in particular implies
|an| =
∣∣q(0)∣∣> m
kn
,
which is inequality (2.14). 
Lemma 13. If p(z) = a0 + ∑nν=μ aν zν,1  μ  n, is a polynomial of degree n such that p(z) = 0 for |z| < k, k  1 and m =
min|z|=k |p(z)|, then
|aμ|kμ
|a0| −m 
n
μ
. (2.15)
The above result is due to Gardner, Govil and Weems [9].
Lemma 14. If p(z) = anzn +∑nν=μ an−ν zn−ν , 1μ n, is a polynomial of degree n having all its zeros in |z| k, k 1, then
Aμ  kμ, (2.16)
where Aμ is as deﬁned in Theorem 3.
Proof. Since p(z) = 0 in |z| k, k 1, then q(z) = 0 for |z| 1/k, 1/k 1. Hence applying Lemma 13 to the polynomial
q(z) = an +
n∑
ν=t
an−ν zν,
we get
μ
n
( |an−μ|
|an| −m′
)(
1
k
)μ
 1, (2.17)
where m′ = min|z|=1/k |q(z)| = mkn .
It is easy to see from (2.17) that
μ|an−μ| n
(
|an| − m
kn
)
kμ,
which implies{
μ|an−μ| − n
(
|an| − m
kn
)
kμ
}
 0,
which is equivalent to
(
kμ−1 − kμ)
{
μ|an−μ| − n
(
|an| − mn
)
kμ
}
 0,k
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n
(
|an| − m
kn
)
k2μ + μ|an−μ|kμ−1 
(
μ|an−μ| + n
(
|an| − m
kn
)
kμ−1
)
kμ,
from which inequality (2.16) follows. 
3. Proofs of the theorems
Proof of Theorem 1. On combining Lemmas 1 and 10, we get for |z| = 1
s0
∣∣p′(z)∣∣+mn + ∣∣p′(z)∣∣ nmax|z|=1
∣∣p(z)∣∣,
which is equivalent to
∣∣p′(z)∣∣ n
1+ s0
{
max|z|=1
∣∣p(z)∣∣−m} for |z| = 1. (3.1)
Since q(z) = znp(1/z), it is easy to verify that for |z| = 1
∣∣q′(z)∣∣= ∣∣np(z) − zp′(z)∣∣. (3.2)
Also for every real or complex number α with |α| 1, the polar derivative of p(z) with respect to α is
Dα p(z) = np(z) + (α − z)p′(z).
This implies for |z| = 1
∣∣Dα p(z)∣∣ ∣∣np(z) − zp′(z)∣∣+ |α|∣∣p′(z)∣∣
= ∣∣q′(z)∣∣+ |α|∣∣p′(z)∣∣
= ∣∣q′(z)∣∣+ ∣∣p′(z)∣∣− ∣∣p′(z)∣∣+ |α|∣∣p′(z)∣∣
 nmax|z|=1
∣∣p(z)∣∣+ (|α| − 1)∣∣p′(z)∣∣. (3.3)
Inequality (3.3) in conjunction with inequality (3.1) gives for |z| = 1
∣∣Dα p(z)∣∣ nmax|z|=1
∣∣p(z)∣∣+ (|α| − 1)
{
n
1+ s0
(
max|z|=1
∣∣p(z)∣∣−m)
}
,
from which we can obtain Theorem 1. 
Proof of Theorem 2. By hypothesis the polynomial p(z) has all its zeros in |z| k, k  1, therefore the polynomial q(z) =
znp(1/z) has no zeros in |z| < 1/k, 1/k 1. Applying Corollary 1 to the polynomial q(z), we get for |α| 1
∣∣Dαq(z)∣∣ n
1+ 1/kt
{(
|α| + 1
kt
)
max|z|=1
∣∣q(z)∣∣− (|α| − 1) min
|z|=1/k
∣∣q(z)∣∣
}
for |z| = 1.
This implies for |z| = 1
∣∣Dαq(z)∣∣ n(|α|k
t + 1)
1+ kt max|z|=1
∣∣p(z)∣∣− nkt(|α| − 1)
1+ kt
1
kn
min
|z|=k
∣∣p(z)∣∣. (3.4)
Now from Lemma 6, it easily follows that
∣∣Dαq(z)∣∣= |α|∣∣D1/α p(z)∣∣ for |α| 1 and |z| = 1. (3.5)
Using (3.5) in (3.4), we get for |α| 1 and |z| = 1
|α|∣∣D1/α p(z)∣∣ n(|α|k
t + 1)
1+ kt max|z|=1
∣∣p(z)∣∣− nkt(|α| − 1)
1+ kt
1
kn
min
|z|=k
∣∣p(z)∣∣. (3.6)
Replacing 1/α by δ, so that |δ| 1, we obtain from (3.6)
∣∣Dδ p(z)∣∣ n(|δ| + k
t)
1+ kt max|z|=1
∣∣p(z)∣∣− n(1− |δ|)
kn−t(1+ kt) min|z|=k
∣∣p(z)∣∣,
for |z| = 1 and |δ| 1. This completes the proof of Theorem 2. 
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p(z) = anzn +
n∑
ν=μ
an−ν zn−ν, 1μ n,
has all its zeros in |z| k, k 1. If p(z) has a zero on |z| = k, then m = 0 and the result follows from Lemma 5 in this case.
Henceforth, we suppose that all the zeros of p(z) lie in |z| < k, k 1, so that m > 0.
Now m |p(z)| for |z| = k, therefore if λ is any real or complex number such that |λ| < 1, then∣∣∣∣mλz
n
kn
∣∣∣∣<
∣∣p(z)∣∣ for |z| = k.
Since all the zeros of p(z) lie in |z| < k, it follows by Rouche’s theorem that all the zeros of p(z) − mλznkn also lie in |z| < k.
Hence, by Lemma 7 for |α| kμ , the polynomial
Dα
[
p(z) − mλz
n
kn
]
= Dα p(z) − λmnαz
n−1
kn
(3.7)
also has all its zeros in |z| < k, k 1 and for every λ with |λ| < 1. This implies
∣∣Dα p(z)∣∣ mn|α||z|
n−1
kn
for |z| k and |α| kμ. (3.8)
Because if (3.8) is not true, then there is a point z = z0 with |z0| k, such that
∣∣{Dα p(z)}z=z0
∣∣
∣∣∣∣mnαz
n−1
0
kn
∣∣∣∣.
We choose
λ = k
n{Dα p(z)}z=z0
mnαzn−10
,
so that |λ| < 1 and with this choice of λ, from (3.7), we have
Dα
{
p(z) − mλz
n
kn
}
= 0,
where |z0| k, which contradicts the fact that all the zeros of Dα{p(z) − mλznkn } lie in |z| < k, k 1.
Now the polynomial p(z) − mλznkn has all its zeros in |z| k, k 1, we can apply Lemma 5 to p(z) − mλz
n
kn and obtain for|α| kμ  S ′μ
∣∣∣∣Dα
{
p(z) − mλz
n
kn
}∣∣∣∣ n
( |α| − S ′μ
1+ kμ
)∣∣∣∣p(z) − mλz
n
kn
∣∣∣∣ for |z| = 1, (3.9)
where
S ′μ =
n|an − mλkn |k2μ + μ|an−μ|kμ−1
n|an − mλkn |kμ−1 + μ|an−μ|
. (3.10)
Since for every λ with |λ| < 1, we have∣∣∣∣an − mλkn
∣∣∣∣ |an| − m|λ|kn  |an| −
m
kn
(3.11)
and |an| > mkn by Lemma 12. Now combining (3.10), (3.11) and Lemma 11 for every λ with |λ| < 1, we get
S ′μ =
n|an − mλkn |k2μ + μ|an−μ|kμ−1
n|an − mλkn |kμ−1 + μ|an−μ|

n(|an| − mkn )k2μ + μ|an−μ|kμ−1
n(|an| − mkn )kμ−1 + μ|an−μ|
= Aμ (say). (3.12)
Let z0 be on |z| = 1 such that |p(z0)| = max|z|=1 |p(z)|. Therefore, from (3.7), (3.9) and (3.12), we have
∣∣∣∣{Dα p(z)}z=z0 −
λmnαzn−10
kn
∣∣∣∣ n
( |α| − Aμ
1+ kμ
)∣∣∣∣p(z0) − mλz
n
0
kn
∣∣∣∣ n
( |α| − Aμ
1+ kμ
){∣∣p(z0)∣∣− m|λ||z0|
n
kn
}
= n(|α| − Aμ)
μ
∣∣p(z0)∣∣− n
( |α| − Aμ
μ
)
m|λ|
n
. (3.13)1+ k 1+ k k
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∣∣∣∣{Dα p(z)}z=z0 −
λmnαzn−10
kn
∣∣∣∣=
∣∣{Dα p(z)}z=z0
∣∣− mn|α||λ||z0|n−1
kn
,
which easily follows from (3.8), we obtain
∣∣{Dα p(z)}z=z0
∣∣− mn|α||λ||z0|n−1
kn
 n
( |α| − Aμ
1+ kμ
)∣∣p(z0)∣∣− n
( |α| − Aμ
1+ kμ
)
m|λ|
kn
. (3.14)
Since z0 lies on |z| = 1 and |p(z0)| = max|z|=1 |p(z)|, the inequality (3.14) is equivalent to
∣∣{Dα p(z)}z=z0
∣∣ n
( |α| − Aμ
1+ kμ
)
max|z|=1
∣∣p(z)∣∣− n
( |α| − Aμ
1+ kμ
)
m|λ|
kn
+ mn|α||λ|
kn
,
which implies that
max|z|=1
∣∣Dα p(z)∣∣ n
( |α| − Aμ
1+ kμ
)
max|z|=1
∣∣p(z)∣∣− n
( |α| − Aμ
1+ kμ
)
m|λ|
kn
+ mn|α||λ|
kn
. (3.15)
Now, if in (3.15) we make |λ| → 1, we get
max|z|=1
∣∣Dα p(z)∣∣ n
( |α| − Aμ
1+ kμ
)
max|z|=1
∣∣p(z)∣∣+ mn
kn
( |α|kμ + Aμ
1+ kμ
)
,
which is equivalent to
max|z|=1
∣∣Dα p(z)∣∣ n(|α| − k
μ)
(1+ kμ) max|z|=1
∣∣p(z)∣∣+ n
( |α| + 1
kn−μ(1+ kμ)
)
m + n
(
kμ − Aμ
1+ kμ
)
max|z|=1
∣∣p(z)∣∣+ n(Aμ − kμ)
kn(1+ kμ) m,
which is the required result. 
References
[1] A. Aziz, Inequalities for the polar derivative of a polynomial, J. Approx. Theory 55 (1988) 183–193.
[2] A. Aziz, Q.M. Dawood, Inequalities for a polynomial and its derivative, J. Approx. Theory 54 (1988) 306–313.
[3] A. Aziz, N.A. Rather, Some Zygmund type Lq inequalities for polynomials, J. Math. Anal. Appl. 289 (2004) 14–29.
[4] A. Aziz, W.M. Shah, An integral mean estimate for polynomial, Indian J. Pure Appl. Math. 28 (1997) 1413–1419.
[5] A. Aziz, W.M. Shah, Inequalities for polar derivative of a polynomial, Indian J. Pure Appl. Math. 29 (1998) 163–173.
[6] A. Aziz, W.M. Shah, Lp inequalities for polynomials with restricted zeros, Glas. Mat. 32 (1997) 247–258.
[7] T.N. Chan, M.A. Malik, On Erdös–Lax theorem, Proc. Indian Acad. Sci. 92 (1983) 191–193.
[8] K.K. Dewan, Naresh Singh, Roshan Lal, Inequalities for the polar derivatives of polynomials, Int. J. Pure Appl. Math. 33 (1) (2006) 109–117.
[9] R.B. Gardner, N.K. Govil, A. Weems, Some results concerning rate of growth of polynomials, East J. Approx. 10 (2004) 301–312.
[10] N.K. Govil, Some inequalities for derivatives of polynomials, J. Approx. Theory 66 (1991) 29–35.
[11] N.K. Govil, G.N. McTume, Some generalizations involving the polar derivative for an inequality of Paul Turán, Acta Math. Hungar. 104 (2004) 115–126.
[12] N.K. Govil, Q.I. Rahman, Functions of exponential type not vanishing in a half plane and related polynomials, Trans. Amer. Math. Soc. 137 (1969)
501–517.
[13] P.D. Lax, Proof of a conjecture of P. Erdös on the derivative of a polynomial, Bull. Amer. Math. Soc. 50 (1944) 509–513.
[14] M.A. Malik, On the derivative of a polynomial, J. London Math. Soc. 1 (1969) 57–60.
[15] M. Marden, Geometry of Polynomials, Math. Surveys, vol. 3, Amer. Math. Soc., Providence, 1966.
[16] M.A. Qazi, On the maximum modulus of polynomials, Proc. Amer. Math. Soc. 115 (1992) 337–343.
[17] P. Turán, Über die ableitung von Polynomen, Compos. Math. 7 (1939) 89–95.
